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ABSTRACT
We calculate the severe radiative energy losses which occur at the base of black hole jets
using a relativistic fluid jet model, including in-situ acceleration of non-thermal leptons by
magnetic reconnection. Our results demonstrate that including a self-consistent treatment of
radiative energy losses is necessary to perform accurate MHD simulations of powerful jets
and that jet spectra calculated via post-processing are liable to vastly overestimate the amount
of non-thermal emission. If no more than 95% of the initial total jet power is radiated away
by the plasma travels as it travels along the length of the jet, we can place a lower bound on
the magnetisation of the jet plasma at the base of the jet. For typical powerful jets, we find
that the plasma at the jet base is required to be highly magnetised, with at least 10,000 times
more energy contained in magnetic fields than in non-thermal leptons. Using a simple power-
law model of magnetic reconnection, motivated by simulations of collisionless reconnection,
we determine the allowed range of the large-scale average reconnection rate along the jet, by
restricting the total radiative energy losses incurred and the distance at which the jet first comes
into equipartition. We calculate analytic expressions for the cumulative radiative energy losses
due to synchrotron and inverse-Compton emission along jets, and derive analytic formulae for
the constraint on the initial magnetisation.
Key words: galaxies: jets, radiation mechanisms: non-thermal, (magnetohydrodynamics)
MHD, magnetic reconnection, acceleration of particles, black hole physics.
1 INTRODUCTION
Accreting black holes are observed to produce powerful extended
relativistic plasma jets. It is thought that the energy supplied to these
jets originates from the rotational energy of the black hole (Bland-
ford & Znajek 1977). A spinning black hole induces the rotation
of space-time in its vicinity which twists the nearby magnetic field
that has been dragged in by the accreting plasma disc. The black
hole’s rotational energy is thereby converted into magnetic energy
by stretching and twisting the magnetic field, increasing its strength.
The resulting enhanced magnetic pressure gradient away from the
hole is sufficient to accelerate the jet plasma to relativistic velocities
as demonstrated by numerical simulations (see for example McK-
inney & Gammie 2004, Hawley & Krolik 2006, McKinney 2006,
Komissarov et al. 2007 and Tchekhovskoy et al. 2010). Polarised
synchrotron emission is observed along the jet and this requires a
high energy non-thermal electron population to be present (Wills
et al. 1992, Lister & Smith 2000 and Marscher et al. 2010 etc.).
In relativistic magnetohydrodynamic (MHD) simulations of
jets the effect of radiative energy losses are neglected and the mag-
netisation or equipartition fraction at the base of the jet (the ratio
of energy contained in the magnetic field to the energy contained in
? E-mail: will.potter@astro.ox.ac.uk (WJP)
non-thermal particles) is set artificially, by either numerically im-
posing the initial magnetisation within the jet, or by setting a lower
limit, or floor, for the mass density of the jet plasma. In this paper
we demonstrate the importance of the severe radiative energy losses
of non-thermal electrons close to the jet base in constraining the
jet magnetisation. This initial magnetisation is very important be-
cause it determines: the terminal bulk Lorentz factor of the jet (e.g.
Komissarov et al. 2009); the distance over which the jet acceler-
ates before it reaches equipartition, stops accelerating and becomes
conical (e.g. McKinney 2006 and Komissarov et al. 2007); and the
susceptibility of the jet to the kink instability (which occurs if the jet
has a large, dominant toroidal field, e.g. Mignone et al. 2010, Porth
& Komissarov 2015 and Tchekhovskoy & Bromberg 2016). Previ-
ous research into modelling the synchrotron and inverse-Compton
emission from the non-thermal particles in the jet have generally fo-
cused on static, physically disconnected spherical emitting regions
at large distances along the jet where the majority of the high en-
ergy emission is thought to originate (Dermer & Schlickeiser 1993,
Tavecchio et al. 1998, Tsang & Kirk 2007 etc.). In this paper we fo-
cus on the radiative energy losses which occur close to the base of
the jet. By calculating the radiative energy losses using a relativistic
fluid jet model which conserves energy-momentum, we show that
these losses are, in fact, so severe that they can be used to place tight
constraints on the initial magnetisation of the jet plasma.
The paper starts with an introduction to our fluid jet model
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in section 2. We set out our assumptions and derive the equations
of energy conservation and particle number conservation allow-
ing for a jet shape, bulk Lorentz factor and in-situ non-thermal
particle acceleration which depend on distance. In section 3 we
embark on preliminary calculations in order to demonstrate the
severity of the radiative energy losses and justify our assump-
tion that the jet plasma is composed of a magnetised non-thermal
electron-positron pair-plasma (hereafter we use electron as short
for electron-positron). In sections 4-6 we derive analytic expres-
sions which determine the cumulative radiative energy losses of
the jet plasma by synchrotron, synchrotron self-Compton (SSC) or
inverse-Compton scattering of external radiation fields (referred to
as external-Compton, or EC). Analytic and numerical solutions of
the radiative energy loss equations are then used to place important
constraints on the magnetisation of the jet base in both supermas-
sive and stellar mass black hole systems, in section 7, by requir-
ing that a substantial fraction of the initial jet energy is retained to
large distances and not radiated away. In section 8, we then consider
the effect of in-situ magnetic reconnection occurring along the jet,
dissipating magnetic energy and replenishing the non-thermal elec-
tron population. We impose constraints on the total radiative energy
losses sustainable and the distance at which the jet plasma reaches
equipartition to determine a set of favourable parameters describing
the large-scale average reconnection rate. The purpose of this work
is to illustrate the physical importance of radiative energy losses on
the dynamics of jets and show that a self-consistent implementation
of radiative energy losses is a necessary component for realistic nu-
merical simulations of jets.
2 FLUID JET MODEL
In this section we introduce the 1D relativistic fluid jet model which
we will use to calculate the radiative energy losses of the jet plasma
as it travels along the base of the jet (this model is based on the
inhomogeneous jet emission model presented in Potter & Cotter
2012, Potter & Cotter 2013a, Potter & Cotter 2013b, Potter & Cot-
ter 2013c and Potter & Cotter 2015). The jet is allowed to have a
variable shape, bulk Lorentz factor and equipartition fraction. Rel-
ativistic energy-momentum is conserved along the jet allowing for
a detailed, self-consistent treatment of the effect of radiative energy
losses, in-situ particle acceleration to the non-thermal electron pop-
ulation and the conversion of magnetic energy to bulk kinetic en-
ergy as the jet accelerates. We have chosen to use a 1D fluid model
due to the computational expense of calculating the radiative energy
losses to the electron population (this is the primary reason that a
self-consistent calculation of radiative energy losses is neglected in
2D and 3D relativistic MHD simulations of jets).
As a first step we need to calculate the total energy density
at the jet base, for a jet with initial total power Pj. Throughout the
paper we use standard cylindrical coordinates where, z, is the length
along the jet axis,R, is the cylindrical radius and φ, is the azimuthal
angle. We use primed coordinates for quantities measured in the
plasma rest frame and unprimed for the lab frame (in which the
black hole is at rest). To calculate the initial energy density of the jet
plasma, consider the energy flux and volume flux of plasma passing
through a surface whose normal is parallel to the jet axis and is
located at a fixed spatial position in the lab frame at the base of the
jet. The volume flux passing through this surface will be given by
the cross-sectional area, piR2, of the jet multiplied by the lab frame
bulk velocity of the plasma, vbulk(z) = βbulk(z)c. The energy flux
passing through this surface is simply the total jet power, Pj, so the
energy density of the jet plasma measured in the lab frame is ratio
of these two fluxes
Utot 0(z) =
Pj
piR2(z)βbulk(z)c
. (1)
It is usually assumed that the base of the jet is Poynting flux or
electromagnetically dominated, i.e. the energy in magnetic field is
much larger than in non-thermal particles. In this work we consider
a leptonic jet model in which the jet plasma is composed of a mag-
netised non-thermal electron-positron pair plasma. We outline the
arguments justifying this assumption in section 3.4. We wish to cal-
culate the evolution of the magnetisation or equipartition fraction of
the plasma due to radiative losses and so we introduce the parameter
fB, which is the fraction of the total energy of the plasma contained
in magnetic energy, fB(z) = UB/Utot, where, UB, is the mag-
netic energy density and Utot = UB + Ue±, the total energy den-
sity, with, Ue±, the non-thermal electron-positron energy density.
The fractional magnetic energy is related to the equipartition frac-
tion, or magnetisation, σ, which we define as, σ = UB/Ue±, with,
fB = σ/(1 + σ). The initial magnetisation of the jet plasma is not
known and is effectively an inputted parameter in most relativistic
MHD simulations, however, the magnetisation can have a profound
effect on the results of these simulations. In the simple case where
no radiative losses are taken into account and the jet is not disrupted
prematurely by instabilities, theoretical expectations and the results
of MHD simulations are that the jet will accelerate until its mag-
netisation approaches unity and the majority of magnetic energy is
converted into bulk kinetic energy (Vlahakis & Ko¨nigl 2003, McK-
inney 2006 and Komissarov et al. 2007). We can use this simple
assumption to estimate the maximum bulk Lorentz factor of the jet
plasma by a simple energy argument, provided that our jet plasma
contains only cold, non-radiating particles and magnetic fields at
the base. Consider a single blob of jet plasma with a lab frame en-
ergy, Etot, initially composed of magnetic, EB0, and cold particle
components, Ep 0
Etot = EB0 + Ep 0 = Ep 0(σ0 + 1), (2)
where in the last equality we have substituted the initial magneti-
sation, σ0, at the base of the jet, z = z0. Under the assumption
of no energy losses, the total energy of the blob will be conserved
and the maximum bulk Lorentz factor, γmax will occur when all
of the initial magnetic energy has been converted into accelerating
the cold particles to a high bulk Lorentz factor, until the jet reaches
equipartition i.e. σ(z) ≈ 1
Etot = 2γmaxEp 0, γmax =
σ0 + 1
2
, (3)
where we have related the final energy of the particles moving
with a bulk Lorentz factor, γmax, to the initial total energy. This
demonstrates how the initial equipartition fraction or magnetisa-
tion, σ0, plays an important role in determining the terminal bulk
Lorentz factor of the jet. In reality, it is artificial to assume that
all of the magnetic energy is converted into bulk kinetic energy (in
simulations magnetic acceleration ceases being efficient at roughly
equipartition σ = 1, McKinney 2006 and Komissarov et al. 2009)
and this neglects energy losses from radiation, magnetic reconnec-
tion and work done on the environment. It does, however, provide
an estimate of the upper bound on the maximum terminal Lorentz
factor and illustrates the importance of understanding the initial
magnetisation. The simple estimate above illustrates why magneti-
sations of 10 − 20 are typically assumed at the jet base for AGN
jets (Komissarov et al. 2007), since using these initial magnetisa-
tions simulated jets possess terminal bulk Lorentz factors typical of
c© 2015 RAS, MNRAS 000, 1–21
Radiative losses at the base of black hole jets 3
the observed superluminal speeds 1 & γbulk & 30 (e.g. Hovatta
et al. 2009).
2.1 The stress-energy tensor of the jet plasma
At large distances where the jet plasma becomes relativistic we need
to calculate the rest frame magnetic and particle energy densities.
This has been calculated in Potter & Cotter 2013a for a small scale
homogeneous isotropic tangled magnetic field and isotropic particle
velocity distribution in the rest frame, which can be described by a
relativistic perfect fluid. The assumption of a homogeneous plasma
is commonplace in the literature and is reasonable since we do not
expect a large transverse pressure gradient, or equivalently energy
density gradient. This is because these inhomogeneities would tend
to be smoothed out by the pressure gradient after a few sound cross-
ing timescales (since the jet remains in causal contact with itself
throughout the accelerating parabolic base, Zakamska et al. 2008).
Under these assumptions the rest frame energy densities can be
written as a relativistic perfect fluid
T ′µν =

ρ′ 0 0 0
0 ρ
′
3
0 0
0 0 ρ
′
3
0
0 0 0 ρ
′
3
 , (4)
where, ρ′, is the total rest frame energy density and we have as-
sumed a relativistic equation of state, p′ = ρ′/3, appropriate for
a high energy non-thermal electron population. To find the stress-
energy tensor in the lab frame we Lorentz transform the rest frame
tensor
Tµν(z) = ΛµσT
′σρΛνρ = ...
γ2bulk(1 + β
2
bulk/3)ρ
′ (4/3)γ2bulkβbulkρ
′ 0 0
(4/3)γ2bulkβbulkρ
′ γ2bulk(1/3 + β
2
bulk)ρ
′ 0 0
0 0 ρ
′
3
0
0 0 0 ρ
′
3
 ,
(5)
Λµν =

γbulk γbulkβbulk 0 0
γbulkβbulk γbulk 0 0
0 0 1 0
0 0 0 1
 , (6)
where the bulk Lorentz factor, γbulk(z), and bulk velocity are func-
tions of, z, the lab frame distance along the jet axis. We expect al-
most the entirety of the jet base to be moving with at least a mildly
relativistic bulk velocity in which case we can make the approxima-
tion, βbulk ≈ 1 (we shall assume βbulk ∼ 1 throughout the rest of
the paper, unless otherwise stated). The lab frame energy density is
given by
T 00 = Utot ≈ 4
3
γ2bulkU
′
tot, T
00 = T 01 = T 10 = T 11,
(7)
2.2 Conservation of Energy-Momentum
In this paper we wish to understand and calculate the effect of ra-
diative energy losses and in-situ magnetic dissipation/reconnection
(the conversion of magnetic energy into non-thermal particle en-
ergy) on the jet plasma. It is known that the radiative lifetimes of
the emitting electrons are short compared to the time taken to travel
along the jet and so in order for the jet to remain bright along its
entire length some form of in-situ particle acceleration must occur
(Jester et al. 2001 and Jester et al. 2005). Jester et al. 2001 found no
indications of the compact, bright structures at optical wavelengths
which would usually be associated with strong shocks but instead
observed approximately continuous emission along the jet. This is
evidence for a continuous in-situ acceleration process in operation
(Jester et al. 2001 and Jester et al. 2005). Since the jet is believed
to be launched via electromagnetic forces and its initial energy pre-
dominantly magnetic, we consider the possibility of conversion of
this magnetic energy into accelerating non-thermal particles. Re-
sistive dissipation of magnetic fields (magnetic reconnection) has
been shown to result in the acceleration of non-thermal particles
(see for example Zenitani & Hoshino 2001, Cerutti et al. 2012 and
Sironi et al. 2015) and so it seems a likely mechanism for the contin-
uous in-situ acceleration process operating in jets. Whilst detailed
small-scale simulations of reconnection have been performed which
demonstrate non-thermal particle acceleration, we wish to consider
the viability of such a process in a large-scale jet model which in-
cludes radiative energy losses. Our hope is to understand and con-
strain the average rate of reconnection occurring along the jet by
considering the radiative energy losses to the jet plasma and the
evolution of the magnetisation or equipartition fraction along the
jet. These constraints can then be used to inform general relativistic
magnetohydrodynamic (GRMHD) jet simulations and discriminate
between different models of reconnection.
We start with the equations of conservation of energy momen-
tum and conservation of particle number flux
∇µTµν = 0, ∇µJµp = 0 (8)
where Tµν is the stress-energy tensor, Jµp = n′eU
µ
bulk is the to-
tal particle number flux (electron and positron), n′e is the rest
frame non-thermal particle number density and Uµbulk is the fluid
4-velocity. We assume that the distribution of particle and magnetic
fields are homogeneous and isotropic on small-scales and so the
stress-energy tensor will again take the form of a perfect fluid (4).
We choose to decompose the stress-energy tensor into an electron-
positron component, a magnetic component, a term representing the
radiative energy losses and a term representing the in-situ particle
acceleration (we shall focus on the possibility of in-situ particle ac-
celeration by magnetic reconnection in this paper). Following Pot-
ter & Cotter 2015 we can integrate these conservation equations
over the invariant 4-volume of the jet and use the divergence the-
orem in 4-dimensions to convert this to a series of integrals over
3-dimensional hypersurfaces. Integrating the equation for energy-
momentum we find∫
∇µTµνd4V =
∫
Tµνd3Sµ =
∫ z+dz
z
∫ 2pi
0
∫ R
0
T 0νRdRdφdz
+
∫ t+dt
t
∫ 2pi
0
∫ R
0
T 1νRdRdφdt+
∫ t+dt
t
∫ z+dz
z
∫ 2pi
0
T 2νRdφdzdt+
+
∫ t+dt
t
∫ z+dz
z
∫ R
0
T 3νdRdzdt = 0.
(9)
We assume that the jet is in a steady-state (i.e. time-independent)
and so all terms containing an integral over time will be equal
to zero. This gives us our equation for conservation of energy-
momentum in the relativistic limit βbulk ≈ 1
∂
∂z
(
4
3
γbulk(z)
2piR2(z)ρ′(z)
)
= 0. (10)
In the relativistic limit, which we assume in this work, the equa-
tions for energy and the z-component of momentum are both given
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by equation 10 above and so both can be simultaneously satisfied.
Clearly, since we are primarily interested in ensuring conservation
of energy along the jet and we are using a 1-dimensional model in
order to calculate radiative energy losses in detail, we do not solve
the full relativistic 3D MHD equations for the jet and, in general, a
full 3D solution of the relativistic MHD equations is required if we
wish to satisfy the energy and momentum conservation equations
simultaneously. Decomposing the total energy density in (10) we
find
∂
∂z
(
4
3
γbulk(z)
2piR2(z)[U ′B + U
′
e± + U
′
rad]
)
= 0. (11)
where we have also included a term representing the effective cu-
mulative radiative energy losses U ′rad. This term is artificial in the
sense that real radiative energy losses will be emitted and eventu-
ally escape the jet, so will not remain as an energy density within
the jet volume. It is the total radiated energy, piR2Uraddz, which
has been emitted by a propagating cylindrical slab which is the true
physically meaningful quantity we are interested in and we have
simply chosen this to be represented artificially in the form of an
energy density, in (11), for mathematical convenience. We define
the total remaining jet energy density as U ′tot(z), and the fraction
of the total initial plasma energy which remains in the jet and has
not been radiated as floss(z) (the fraction of total energy which has
been radiated is 1− floss).
U ′tot = U
′
e± + U
′
B, U
′
tot = flossU
′
tot 0, (12)
where Utot 0(z) is defined in (1) and the rest frame energy density
is related to the lab frame energy density via (7)
U ′tot =
3flossUtot 0
4γ2bulk
=
3flossPj
4picR2γ2bulk
. (13)
Differentiating U ′tot w.r.t. z we find
∂U ′tot
∂z
= U ′tot 0
∂floss
∂z
+ floss
∂U ′tot 0
∂z
. (14)
Using the same method as in (9) we integrate the equation for con-
servation of particle number flux in a time-independent jet (8) to
find∫
∇µJµp d4V =
∫
Jµp d
3Sµ =
∂
∂z
[piR2(z)n′e(z)U
0
bulk(z)] = 0,
∂
∂z
[piR2(z)γbulk(z)cn
′
e(z)] = 0, (15)
where the zero component of the bulk 4-velocity is U0bulk ' γbulkc
and the result above has been calculated by writing out the four 3-
dimensional hypersurface integrals as in equation 9 and setting the
three time-dependent integrals to zero.
Let us now consider the effect of particle number conservation
on the evolution of the particle energy density in the case of a vary-
ing bulk Lorentz factor, but in the absence of any explicit reaccel-
eration or radiative energy losses. Taking the equation for particle
number conservation (15), multiplying by the bulk Lorentz factor,
rearranging using Leibniz’s rule and using n′e ∝ U ′e± we find
2γbulk
∂(R2γbulkU
′
e±)
∂z
= 0, (16)
∂(R2γ2bulkU
′
e±)
∂z
= 2R2γbulkU
′
e±
∂γbulk
∂z
. (17)
This is the required equation for the evolution of the particle en-
ergy density in which the particle number flux remains constant,
and in which an electron population remains unaltered by radiative
losses or reacceleration as it travels along an accelerating jet. Com-
parison to equation 11, having set the radiative loss term to zero,
shows that the second term must be equal to the rate of change of
the magnetic energy density. This can be understood simply as the
amount of magnetic energy expended in order to accelerate the bulk
velocity of the particles in the jet (in the case of deceleration it can
either be interpreted as the conversion of bulk particle energy into
magnetic energy, heating or the acceleration of non-thermal elec-
trons). This is consistent with the result in (2), that a jet can only
accelerate whilst there is the magnetic energy available to do so.
We also wish to consider in-situ particle acceleration by allowing
the conversion of magnetic energy into accelerating additional non-
thermal electrons via magnetic reconnection. We choose to include
this in-situ particle acceleration via a term, Urec, representing the
energy density transferred from magnetic fields to non-thermal par-
ticles. Similarly to the radiative loss energy density term Urad, the
reconnection energy density is a mathematical convenience used to
represent the transfer of energy from the magnetic to particle energy
density and should not be interpreted as a real energy density which
is present in the jet. The equation for the evolution of the particle
energy density then becomes
∂(R2γ2bulkU
′
e±)
∂z
= 2γbulkR
2U ′e±
∂γbulk
∂z
+
∂(γ2bulkR
2[U ′rec − U ′rad])
∂z
,
(18)
where U ′rad and U
′
rec are the terms corresponding to the radiation
energy losses experienced by the particles and the particle energy
injected by magnetic reconnection. Comparison with the equation
11 allows us to write down the evolution equation for the magnetic
energy density.
∂(R2γ2bulkU
′
B)
∂z
= −2γbulkR2U ′e± ∂γbulk
∂z
− ∂(R
2γ2bulkU
′
rec)
∂z
.
(19)
The first term on the right of the equation is the energy lost by the
magnetic field by doing work accelerating the bulk velocity of the
plasma, the second term represents the magnetic energy dissipated
by magnetic reconnection. This equation can be simplified by in-
troducing a new variable, fB(z), which we define as the fraction of
total energy contained in magnetic fields
U ′B = fBU
′
tot, fB =
U ′B
U ′B + U
′
e±
. (20)
Substituting into (19), using (13) and cancelling the constant terms
we find
∂(fBfloss)
∂z
= −2(1−fB)floss ∂ ln γbulk
∂z
− 4pic
3Pj
∂(R2γ2bulkU
′
rec)
∂z
.
(21)
Finally, we wish to find an equation for the evolution of the frac-
tional magnetic energy as a function of distance along the jet. Tak-
ing the equation above, expanding the derivatives with the chain
rule and rearranging we find
∂fB
∂z
= −fB ∂ ln floss
∂z
−2(1−fB)∂ ln γ
∂z
− 4pic
3Pjfloss
∂(R2γ2bulkU
′
rec)
∂z
,
(22)
where the terms on the RHS from left to right represent: the increase
in the fractional magnetic energy due to radiative energy losses act-
ing on the particle energy density, the change in fractional magnetic
energy due to the acceleration of the bulk velocity of the jet by mag-
netic forces, and the decrease in fractional magnetic energy due to
resistive dissipation of the magnetic fields. This equation for the
evolution of the fractional magnetic energy can then be solved si-
multaneously with the equation for the fractional radiative energy
c© 2015 RAS, MNRAS 000, 1–21
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losses determining, floss, which will be the subject of sections 4-
6 and an equation determining the rate of magnetic reconnection
along the jet, which will be the subject of section 8.
In order to calculate the power radiated by the plasma we will
need to assume an electron energy distribution. We assume a sim-
ple power-law form for the distribution since this is generically pro-
duced in shock acceleration and magnetic reconnection (Bell 1978,
Bell et al. 2011 and Zenitani & Hoshino 2001) and importantly will
also allow us to calculate analytic expressions for the energy losses
as a function of the jet parameters in section 6. The number of elec-
trons per unit volume, per unit energy measured in the plasma rest
frame is
ne(Ee) = AE
−α
e for Emin > Ee > Emax,
ne(Ee) = 0 else. (23)
It will be useful in later calculations to define the following mo-
ments of the electron energy distribution
〈Epe 〉 =
∫ Emax
Emin
Ep−αe dEe, (24)
〈Epe 〉 = (E
1+p−α
max − E1+p−αmin )
1 + p− α for α 6= p,
〈Epe 〉 = ln
(
Emax
Emin
)
for α = 1 + p, (25)
where p is a constant. The results of this paper can be easily ex-
tended to a series of broken power laws if a more complicated elec-
tron distribution function is required.
3 PRELIMINARY CALCULATIONS
3.1 Synchrotron and Inverse-Compton Emission
We do not know the structure of the magnetic field in jets on small
scales and so throughout this paper we shall make the standard as-
sumption that in the rest frame of the plasma both the electron ve-
locity distribution and the small-scale magnetic field are isotropic
and homogeneous. The average synchrotron power emitted by an
electron or positron of energyEe = γmec2 moving in a tangled ho-
mogeneous isotropic magnetic field of strengthB is (Longair 2011)
psynch =
4
3
σTcγ
2β2UB, UB =
B2
2µ0
. (26)
where σT is the Thomson cross section, the electron velocity is
v = βc and B and UB are the magnetic field strength and magnetic
energy density respectively. The synchrotron emission is sharply
peaked around a critical frequency νc given by (Longair 2011)
νc =
3γ2eB
4pime
, νc = E
2
e ,  =
4pim3ec
4
3eB
. (27)
The inverse-Compton emitted power of an electron in the case of
an isotropic electron and photon velocity distribution is given by
(Longair 2011)
pIC =
4
3
σTcγ
2β2Uγ , (28)
Where Uγ is the local photon energy density. In the case where the
photon energy becomes large compared to the electron rest mass
energy in the rest frame of the electron, γ2Eγ & Ee, the electron
recoil becomes significant and it is no longer appropriate to use
the Thomson cross-section and the full Klein-Nishina cross-section
should be used here instead, see Blumenthal & Gould (1970).
3.2 Estimating the Synchrotron Radiative Lifetime at the
Base of the Jet
Let us now briefly demonstrate the importance of synchrotron ra-
diative losses to the non-thermal electron-positron plasma at the
base of a jet, in order to motivate the more detailed calculations
in later sections. For an electron with Lorentz factor γ, we wish to
calculate the energy lost via synchrotron emission as a function of
the distance travelled. To estimate if these losses are significant, we
calculate the characteristic radiative lifetime of the electrons:
tsynch =
Ee
psynch
=
3mec
4σTcβ2γUB
. (29)
Calculating UB using equation 1 and substituting we find
tsynch =
3pimec
2R2
4σTβγ2fBflossPj
. (30)
It is more useful to calculate the characteristic energy loss distance,
dsynch ≈ ctsynch, along the jet over which the electrons can propa-
gate before losing a significant fraction of their initial energy.
dsynch
R
=
3pimec
3R
4σTβγ2fBflossPj
. (31)
Writing this equation in terms of dimensionless quantities: the black
hole Mass in units of solar mass M∗ = M/M, the jet power in
units of Eddington luminosity fEdd = Pj/LEdd and the cylindrical
radius in units of Schwarzschild radii R∗ = R/rs
dsynch
R
= 2.0× 10−4 R
∗
βγ2fBflossfEdd
(32)
Since we expect βbulk ∼ β ∼ 1 and fB ≈ floss ≈ 1 (the jet is
magnetically dominated at the base and has not yet suffered severe
radiative energy losses), it is clear that even mildly relativistic elec-
trons will cool very rapidly by emitting radiation at the base of the
jet. This means that in the absence of any electron reacceleration the
energy density contained in non-thermal particles at the base of the
jet will rapidly decrease due to radiation losses and the jet plasma
will become almost entirely magnetised. This means that simula-
tions in which non-thermal emission from electrons are calculated
via post-processing (added after the completion of the simulation)
could easily overestimate the power of high energy synchrotron
emission by large factors of tens to thousands. This is significant be-
cause it demonstrates that a continuous reacceleration process must
be occurring throughout the base of the jet in order to produce the
continuous radio emission observed (e.g. Asada & Nakamura 2012
and Hada et al. 2013). We will include the effects of reacceleration
due to magnetic reconnection in section 8.
3.3 Estimating a lower bound on the maximum electron
energy from radio observations
So far we have not made any assumptions about the parameters de-
scribing our power-law electron energy spectrum. One of the most
crucial parameters in determining the radiative losses to the pop-
ulation will be the maximum electron energy, Emax, because the
power radiated by an individual electron is proportional to at least
the square of the electron energy in synchrotron or EC (or roughly
the third power for SSC). We shall now estimate a lower bound on
the maximum electron energy present at the base of the jet by cal-
culating the electron energy required to produce the observed radio
emission from M87 at a given distance and frequency. The magnetic
field strength is given by (20)
B′ ≈
(
3µ0fBflossPj
2piR2cγ2bulk
)1/2
. (33)
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Frequency (Ghz) Radius (rs) Ee/mec2
230 2.3 45
86.4 10 21
43.2 15 18
23.8 30 19
15.2 40 17
8.4 60 16
5.0 80 14
2.3 100 11
Table 1. Estimates of the electron energies required to produce the observed synchrotron emission at different distances along the jet in M87 as measured by
Hada et al. 2013. These estimates form a lower bound on the maximum electron energy and show that relativistic non-thermal electrons are present throughout
the base of the jet (see section 3.2 for further discussion).
Radio VLBI observations tracking the motion of bright compo-
nents of the plasma suggest that the velocities in most of the base
region are only mildly relativistic or sub-relativistic (Asada et al.
2014) and so we shall take the Lorentz transformation factor (5)
to be (1 + β2bulk/3)γ
2 ≈ 1. It is worth pointing out that since
larger bulk Lorentz factors will result in a smaller rest frame mag-
netic field strength and because the emitted synchrotron frequency
ν′ ∝ E2eB′, our assumption of a mildly relativistic bulk Lorentz
factor will tend to underestimate the energy of electrons emitting a
given observed frequency. Using equation 27 we estimate the elec-
tron energy responsible for the observed emission at a frequency ν.
We assume that the jet is highly magnetised at the base fB ≈ 1, this
is required in order for the jet material to be accelerated to relativis-
tic terminal bulk Lorentz factors (see for example Komissarov et al.
2009) and we assume that the base is not sufficiently relativistic for
the Doppler shift to significantly change the observed frequency of
the photons compared to the rest frame emitted frequency.
Ee ≈
(
4pim3ec
4νobs
3eB′
)1/2
, (34)
In M87 synchrotron emission has been observed at the base of the
jet at frequencies of 230Ghz (λ ≈ 1.3mm) and originating from
a region of size 2R = 5.5rs, assuming M ≈ 6.2 × 109M and
an estimated jet power 3 × 1037W (Doeleman et al. 2012). If we
make the assumption of a mildly relativistic, highly magnetised jet
plasma at the base and use equation 33, we estimate B = 0.0027T,
this is comparable to the estimate of 0.0050 − 0.0124T by Kino
et al. (2015), who used a similar method to estimate the magnetic
field strength but assumed a bulk velocity factor of βbulk = 1/3.
Using equation 34 we estimate the Lorentz factor of the electrons
responsible for the observed radio emission at 230Ghz originating
from 2R=5.5rs, in M87, is γ ≈ 45. This provides an estimate of
the lower bound of maximum electron energies present at the base
of the jet. However, it is important to emphasise that this does not
mean that higher energy electrons emitting at higher frequencies
are not also present at the base. This is because higher frequency
emission, if present, is not yet spatially resolvable on these length
scales, with current instruments.
The jet in M87 has also been observed at a range of lower ra-
dio frequencies with estimates of the radius of the emitting region
(Hada et al. 2013, note that in this work the black hole mass of M87
was taken to be MBH = 6× 109M). Using (33) to calculate the
magnetic field strength we can estimate the electron energy corre-
sponding to these observations. In Table 1 we show our estimates of
the lower bound to the maximum electron energies present at dif-
ferent distances along the jet. These effectively form estimates of
the lower bound of the maximum electron energy out to a distance
of z ≈ 400rs. The important point to note is that a substantial num-
ber of relativistic electrons are observed throughout the base. We
would suggest that since the presence of any non-thermal electrons
implies that a non-thermal acceleration process is active in these re-
gions (due to the short cooling lengths, see equation 32), it is likely
that higher energy electrons with energies comparable to those seen
in blazar jets (GeV> Emax >TeV) are also likely to be present
alongside the lower energy radio emitting electrons.
3.4 Initial electron distribution from spark gap
In the previous subsection we demonstrated that relativistic elec-
trons are required to exist throughout the base of jets in order to
be compatible with high-resolution radio observations. In this sub-
section we shall outline arguments justifying the assumption that
the base of the jet plasma should be composed of a dominant mag-
netic field and a relativistic electron-positron plasma. These argu-
ments were originally presented by Goldreich & Julian 1969 and
Blandford & Znajek 1977 to justify the assumption of force-free
magnetospheres surrounding pulsars and black holes respectively.
In force-free dynamics (where the electromagnetic forces dominate
and overwhelm the inertia of the fluid), which is thought to be appli-
cable to black hole magnetospheres, the force-free equation usually
adopted is
FµνJµ = 0, (35)
where Fµν is the electromagnetic field tensor and Jν the 4-current
(Blandford & Znajek 1977). The generalised Ohm’s law in the case
of a perfect conductor is
E+ v ×B = ηJ ≈ 0, E = −v ×B. (36)
where η is the usual electrical resistivity. In the force-free mag-
netosphere it is usually assumed that the plasma has a large con-
ductivity, η ∼ 0, such that the electric field measured in the rest
frame of the fluid is negligible compared to the magnetic field. In
order for this assumption to be satisfied there is a minimum charge
density required to screen/short-circuit the electric field. Using
Maxwell’s equations this is approximately given by the Goldreich-
Julian charge density ρGJ (Goldreich & Julian 1969)
∇.E = ρGJ
0
, (37)
ρGJ ≈ − 0
δ
v ×B, (38)
where we have used (36) to substitute the magnetic field, B, and
fluid velocity, v, for the electric field E and we have assumed
that the magnetic field changes significantly over a length-scale,
δ. Clearly, due to the immense gravitational field close to the black
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hole, it is likely to be difficult to provide a source of charged parti-
cles to the base of the jets through direct supply from the accretion
disc alone, and so it is envisaged that, much like in a pulsar magne-
tosphere, a spark gap will form and alleviate this charge shortage.
In the absence of sufficient charged particles a strong induced elec-
tric field will be present of order ∼ v ×B. In Blandford & Znajek
1977 and more recent work (Hirotani & Okamoto 1998 and Brod-
erick & Tchekhovskoy 2015) the authors have estimated that such
large electric fields can be created close to the black hole that they
will lead to the strong acceleration of any electrons present to such
high energies that they to emit a sufficient number of high energy
photons to produce a pair cascade of electrons and positrons. This
mechanism will continue to increase the charge density until there
are sufficient charge carriers to screen the strong electric fields, this
is referred to as a ‘spark gap’. This mechanism then justifies the
treatment of the highly magnetised region using force-free electro-
dynamics and suggests the jet will, initially, be primarily composed
of a non-thermal electron-positron plasma.
The Lorentz factor to which these electron-positron pairs are
accelerated can be estimated by balancing the accelerating electric
force against the radiative drag from emitting synchrotron, inverse-
Compton and curvature radiation. These Lorentz factors have been
calculated by Broderick & Tchekhovskoy 2015, for example, to be
highly relativistic with maximum electron Lorentz factors γ ∼ 109
estimated for M87. Whilst this estimate of the electron Lorentz fac-
tors may possess large uncertainties due to difficulties in precisely
determining the energy density of the radiation field and structure of
the magnetic field close to the black hole, it is clear that the electron-
positron pairs produced will be relativistic and non-thermal (these
relativistic energies will also help to prevent rapid re-annihilation of
the pairs and emission of 511keV photons). Whether or not a pro-
ton or hadronic component exists alongside the non-thermal pair
plasma is as yet unclear, although if such a hadronic component
exists it seems to carry a smaller fraction of the total energy than
the electron-positron component (see for example Kundt & Gopal-
Krishna 1980, Reynolds et al. 1996, Wardle et al. 1998, Celotti et al.
1998, Hirotani et al. 2000 and Kawakatu et al. 2016).
A small component of energy contained in cold protons would
not significantly alter the results of this paper because we have de-
fined the jet magnetisation as the ratio of magnetic to non-thermal
lepton energiesUB/Ue±, however, clearly the inclusion of an addi-
tional non-radiating particle component would decrease the total jet
magnetisation defined in terms of the ratio of magnetic to total par-
ticle energies. Addition of a small cold particle component would
also slightly increase the amount of magnetic energy required in
accelerating the jet to relativistic bulk velocities. GRMHD simula-
tions of the jet base show the region to be essentially free of matter
due, in part, to the effective centrifugal barrier as you approach the
spin axis of the black hole (e.g. Hawley & Krolik (2006) and McK-
inney 2006). This supports the idea of a spark gap or other method
of photon-photon pair production as the means of providing charged
particles at the jet base and suggests that introduction of protons to
the magnetised jet occurs via gradual entrainment at larger distances
from the black hole. These arguments justify our assumption of a
magnetically dominated non-thermal electron positron pair plasma
at the base of the jet.
4 RADIATIVE ENERGY LOSSES
We shall now turn our attention to calculating the radiative energy
losses due to optically thick and thin synchrotron emission, syn-
chrotron self-Compton emission and inverse-Compton scattering of
external photon fields in our 1D fluid jet.
4.1 Synchrotron emission
The synchrotron emissivity of a homogeneous isotropic relativistic
electron plasma (β ≈ 1), measured in the rest frame is
jE(Ee) = ne(Ee)psynch(Ee) =
4σTAE
2−α
e U
′
B
3m2ec3
, (39)
where we have used equations 23 and 26. We wish to express the
emissivity in terms of the input parameters for the jet using the fol-
lowing equations
A =
U ′e±
〈Ee〉 , Utot = 4γ
2
bulkU
′
tot/3, (40)
Utot = UB +Ue±, UB = fBUtot, Ue± = Utot(1− fB),
(41)
U ′BU
′
e± = 9
U2totfB(1− fB)
16γ4bulk
, Utot =
Pjfloss
piR2c
(42)
where 〈Ee〉 is defined in (25), we have assumed βbulk ≈ 1 and
we use the fractional energy loss function, floss, which is the frac-
tion of remaining energy in the jet plasma compared to its ini-
tial energy, as a function of distance along the jet i.e. floss(z) =
Utot(z)/Utot 0(z). Substituting these expressions into equation 39
jE =
σTfB(1− fB)(flossPj)2E2−αe
m2ec5〈Ee〉pi2R4γ4bulk
. (43)
When calculating the synchrotron self-absorption it can be more
useful to write the emissivity in terms of emitted synchrotron fre-
quency, ν, in which case we can convert from electron energy, Ee,
to ν and , using (27)
jν = jE
dEe
dν
=
1
2
1/2ν−1/2jE, (44)
jν =
σTfB(1− fB)(flossPj)2(3−α)/2ν(1−α)/2
2m2ec5〈Ee〉pi2R4γ4bulk
. (45)
Our approximate criteria for the plasma becoming optically thick is
determined by the condition that the brightness temperature of the
synchrotron emission cannot exceed that of a blackbody with the
emitting electron temperature (γ − 1)mec2 ≈ Ee = kbT (Longair
2011)
jνR &
4pi1/2ν5/2
c2
, (46)
in this self-absorbed regime the emissivity is then limited to the
equivalent black-body emission in the Rayleigh-Jeans limit
jSSAν ≈ 4pi
1/2ν5/2
Rc2
. (47)
The synchrotron emission will be self-absorbed for frequencies ν .
νSSA and become optically thin for frequencies ν & νSSA. We can
calculate the maximum self-absorbed frequency νSSA by setting the
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two sides of equation 46 to be equal
νSSA ≈
[
3σTfB(1− fB)f2lossP 2j (2−α)/2
32pi3m2ec3〈Ee〉R3γ4bulk
] 2
4− α
,
 =
[
4pim3ec
4
3e
(
2piR2γ2bulkc
3µ0fBflossPj
)1/2]2− α2
.
(48)
We shall outline in section 6.2 why SSA is unlikely to be an im-
portant contribution to the radiative energy losses and so it does
not matter that here we use an analytic approximation to the full
synchrotron opacity (46). Let us assume that the form of the parti-
cle distribution remains constant along the jet and allow for a de-
crease in the total energy density of particles by changing the par-
ticle number normalisation as energy losses occur, A ∝ U ′e± ∝
(1 − fB)Pjfloss. Whilst using a fixed form for the electron energy
spectrum is slightly contrived, the physics governing the accelera-
tion of particles in jets is not yet known in any detail. The evolution
of the electron energy distribution at the base of the jet is also poorly
constrained by observations and so the simple power-law form (23)
is a reasonable choice for the purpose of our calculations. Also, be-
cause the radiated power is usually dominated by the highest energy
electrons present, our results will be largely insensitive to the other
precise details of the electron distribution.
The power emitted by synchrotron radiation from a cylindrical
slab of unit width in the z direction, measured in the rest frame is
then given by
P ′synch(z) =
∫ νSSA
νmin
piR2jSSAν dν +
∫ νmax
νSSA
piR2jνdν. (49)
If the synchrotron losses are dominated by the optically thin contri-
bution this becomes
P ′synch(z) =
3σT〈E2e 〉fB(1− fB)(flossPj)2
4pim2ec5〈Ee〉R2γ4bulk
. (50)
where 〈E2e 〉 is defined in equation 25.
4.2 Synchrotron Self-Compton
We shall now calculate the synchrotron self-Compton (SSC) emis-
sion for the power-law electron distribution given by (23). In order
to obtain analytic expressions we shall assume that the scattering
is in the Thomson regime (γ2Eγ << Ee) and the distribution of
electron and photon velocities are isotropic in the rest frame of the
plasma. To calculate the emitted power we need the photon energy
density contained in synchrotron photons measured the rest frame,
as a function of distance along the jet. We calculate the synchrotron
photon energy density following Potter & Cotter 2012. The opti-
cally thick synchrotron emission is assumed to have a photon en-
ergy distribution, which, at a given frequency is equal to the black-
body distribution in the Rayleigh-Jeans limit at the electron temper-
ature Uν = 4piBν/c.
U ′SSCγ =
∫ νSSA
νmin
Uνdν =
16pi1/2
7c3
(ν
7/2
SSA − ν7/2). (51)
In the optically thin regime the emitted photon energy density in
a thin annulus surrounding the jet is a good approximation to the
average density i.e.
U ′SSCγ =
P ′synchdz
′
2piRdz′c
. (52)
The power emitted in the rest frame of the plasma by a cylindrical
slab of unit width in the z-direction is then given by equations 23
and 28
P ′SSC =
∫ Emax
Emin
piR2nepICdEe = ...
...
σT〈E2e 〉(1− fB)flossPj
m2ec4〈Ee〉γ2bulk
U ′SSCγ (53)
4.3 External Compton
Finally we consider the power radiated by inverse-Compton scat-
tering external photons (external-Compton or EC). In this case
we shall assume that the external photon field is isotropically dis-
tributed in the lab frame and can be described by a power law form
(for a detailed calculation of the external photon fields in AGN rel-
evant for jet emission see for example Potter & Cotter 2013a)
UECγ = U
EC
γ0
(
z
rs
)a
. (54)
If the form is instead well-described by a series of different power
laws, the power radiated can be calculated by stitching together the
analytic solutions in section 6.4. We wish to calculate the photon
energy density in the rest frame of the jet, which requires Doppler-
boosting the photon distribution. This corresponds to Lorentz trans-
forming the energy density using the method in (5), which re-
sults in an average energy increase in the photon energy density
of ∼ 4γ2bulk/3.
U ′ECγ =
4
3
γ2bulkU
EC
γ . (55)
The photon distribution will no longer be isotropic in the plasma
rest frame but will be preferentially beamed along the jet axis in
the direction of the black hole with a characteristic opening an-
gle θ ≈ 1/γbulk. Since the electron velocity distribution is as-
sumed to be isotropic, this beaming does not change the total power
emitted from the isotropic photon case, however, it does mean that
the inverse-Compton emission is anisotropically emitted in the rest
frame and preferentially beamed along the jet axis (but away from
the black hole since head-on electron photon collisions transfer the
maximum energy from the electron to the photon).
With these considerations it is easy to calculate the power
emitted by EC in the plasma rest frame by a cylindrical slab of unit
width using equation 28 (or simply by substituting U ′ECγ for U ′SSCγ
in equation 53)
P ′EC =
σT〈E2e 〉(1− fB)flossPj
m2ec4〈Ee〉γ2bulk
U ′ECγ . (56)
5 RADIATIVE ENERGY LOSS EQUATION
Now that we have calculated the power radiated by the dominant
non-thermal processes we can calculate the effect of these energy
losses on the total energy of the plasma as it travels along the jet.
The energy emitted by a cylindrical slab of infinitesimal width dw
(measured parallel to the jet axis z) travelling a distance dz in time
dt along the jet in the lab frame will correspond to a Lorentz trans-
formed slab of width dw′, which is stationary and emits for a time
dt′ in the rest frame with
dw′ = γbulkdw, dt = γbulkdt
′, dz = βbulkcdt, (57)
where the Lorentz contraction of the jet length and slab width occur
in the opposite sense because in the lab frame the jet structure is
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stationary whilst the plasma itself is moving. In the lab frame the
energy contained in a cylindrical slab of width dw is Ej and in the
rest frame we need to take into account the Lorentz contraction of
the slab width to calculate the corresponding rest frame energy E′j .
Ej = UtotpiR
2dw, E′j = U
′
totpiR
2dw′,
E′j =
3Ej
4γbulk
, E′j =
3flossPjdw
4cγbulk
(58)
where we have used equations 13 and 57, and βbulk ≈ 1. In the ab-
sence of any energy losses and choosing a lab frame width dw such
that Ej is constant (i.e. dw ∝ βbulk, or in the relativistic case that
we consider, dw is constant), the change in the rest frame energy
density is given by differentiating the equation for E′j in terms of
Ej given above.
dE′j = −E′jd ln γbulk(z) (59)
We calculate the cumulative energy emitted by the slab of rest frame
width dw′, dErad, by integrating the radiated power, P ′rad, over the
time taken to travel along the jet in the rest frame and using the
equation above
dE′rad = −E′radd ln γbulk(z) + P ′rad(z)dw′dt′ (60)
∂E′rad
∂z
= −E′rad ∂ ln γbulk(z)
∂z
+
P ′rad(z)dw
c
(61)
where we have used (57). We wish to calculate the value of floss =
Utot/Utot 0, the ratio of the current energy in the plasma, to the
energy in the plasma if no energy losses had occurred. This can also
be expressed in terms of the radiation energy density as, Urad =
(1 − floss)Utot 0, e.g. floss = 1 corresponds to no energy losses
and floss = 0.2 corresponds to 80% of the initial energy having
been radiated away. The radiated energy in the rest frame E′rad is
related to the radiated energy density U ′rad by
E′rad = piR
2U ′raddw
′, Erad =
4
3
γbulkE
′
rad (62)
where we have used the formula in (58) for the Lorentz transfor-
mation of the energy in a slab. Using the above equations we can
convert the equation for the evolution of the radiated energy from
an equation in E′rad to an equation in Erad
3
4γbulk
∂Erad
∂z
=
1
γbulk
(γbulk∂E
′
rad)
∂z
=
...
∂E′rad
∂z
+ E′rad
∂ ln γbulk(z)
∂z
=
P ′rad(z)dw
c
(63)
Expressing Erad in terms of U ′rad using equation 62 and cancelling
the common factor of the constant lab frame width dw on both sides
of the equation we find.
∂(piR2γ2bulkU
′
rad)
∂z
=
γbulkP
′
rad(z)
c
(64)
To calculate the evolution of the fractional energy losses due to ra-
diation we restate floss in terms of Erad
Erad = (1− floss)Ej 0, floss = 1− Erad
Ej 0
,
Ej 0 = piR
2Utot 0dw, Ej 0 =
Pjdw
c
, (65)
where Ej 0 is a constant along the jet. Differentiating the equation
for floss with respect to z we find
∂floss
∂z
= − 1
Ej 0
∂Erad
∂z
(66)
∂floss
∂z
= −γbulkP
′
rad
Pj
P ′rad = P
′
synch + P
′
SSC + P
′
EC. (67)
where the total radiative energy losses are the sum of the syn-
chrotron, SSC and EC losses, and we have used equation 1 for the
total initial jet power Pj. The advantage of the approximations we
have made is that this equation has analytic solutions in the four
regimes where one of optically thick synchrotron, optically thin
synchrotron, SSC or EC dominates over the other radiative losses.
6 ANALYTIC SOLUTIONS FOR RADIATIVE ENERGY
LOSSES
In order to make progress we first need to parameterise the bulk
properties of our jet fluid, which we allow to have a variable shape
and bulk Lorentz factor given by
R(z) = R0rs
(
z
rs
)b
, γbulk = γ0
(
z
rs
)c
. (68)
The jet structure at the base of M87 has been observed by radio
VLBI measurements to be parabolic with a form, b ≈ 0.58 (Asada
& Nakamura 2012). In the ultra-relativistic regime the bulk Lorentz
factor is expected to scale with c ∼ 1 − b using axisymmetric an-
alytic solutions to the special relativistic MHD equations (e.g. Vla-
hakis & Ko¨nigl 2003 and Komissarov et al. 2009). However, the
empirical results of Potter & Cotter 2015 found a dependence of
the bulk Lorentz factor of approximately γ0 ≈ 0.8 and c ≈ 0.25
by fitting a fluid jet emission model to the spectra of a sample of 42
blazar jets and so we shall use these values in our numerical calcu-
lations, when required. In order to calculate analytic expressions we
shall assume that both the electron and the jet bulk velocities are, at
least, mildly relativistic i.e. β = βbulk ≈ 1. Let us now consider
the four different regimes.
6.1 Optically thin synchrotron regime
We expect optically thin synchrotron emission to dominate in the
base region when U ′B >> U
′
γ for frequencies greater than the
synchrotron self-absorption frequency (most of the radiated syn-
chrotron power is emitted at high frequencies for electron distri-
butions with ne(Ee) ∝ E−αe , α < 3). Substituting (50) into the
equation for radiative energy losses (67), we find
dfloss
dz
= −Asynchf2loss fB(1− fB)Pj
R2γ3bulk
, (69)
Asynch =
3σT〈E2e 〉
4pim2ec5〈Ee〉 . (70)
Integrating the equation by separating variables and using the con-
dition floss(z0) = 1 we find
floss =[
1 +
CsynchfB(1− fB)fEdd(X1−2b−3c −X1−2b−3c0 )
(1− 2b− 3c)R20γ30
]−1
,
Csynch = Asynch
LEdd
rs
, X =
z
rs
, fEdd =
Pj
LEdd
. (71)
where LEdd is the Eddington luminosity and fEdd the fractional
Eddington luminosity of the jet. In the final expression we have
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converted all quantities into dimensionless units to highlight the in-
dependence of the result on black hole mass.
6.2 Synchrotron self-absorption regime
Synchrotron self-absorption will be the dominant regime if the max-
imum electron energy is very low (νmax < νSSA) so that essen-
tially all synchrotron emission is self-absorbed. Since the maximum
electron energy must be small, this also indicates that the radiative
losses in this regime are unlikely to be significant since the emit-
ted synchrotron power is proportional to the square of the electron
Lorentz factor. This regime could be valid at the very base of the
jet if the electron energies are small and the bulk motion is slow
such that the magnetic energy density is much larger than that of
the Doppler-boosted external photon field. Since νSSA decreases
rapidly along the jet as the radius expands it is not a good approx-
imation to assume SSA dominates the radiative losses throughout
the base region for a fixed form of the electron population, as in
equation 23, since this assumption will lead to unphysical results
(i.e. the more energy is lost from the plasma, the more powerful the
SSA emission becomes, since the rest frame B-field has decreased,
the effective temperature of the electrons emitting at a given fre-
quency increases). For these reasons the analytic expression is not
useful and so we do not include it here.
6.3 Synchrotron self-Compton regime
We expect the SSC emission to dominate at the base of the jet if high
energy electrons are present due to the high density of synchrotron
seed photons i.e. provided U ′SSCγ >> U ′B and U
′SSC
γ >> U
′EC
γ .
However, at larger distances along the jet the SSC emission be-
comes subdominant as the cross sectional area of the jet increases
and the magnetic field decreases (see equations 41 and 42). Since
the majority of synchrotron power is emitted at the highest frequen-
cies (for α < 3) where we expect the synchrotron emission to be
optically thin, we take the synchrotron photon energy density to be
given by equation 52. In the case where SSC dominates, using (53),
equation 67 becomes
∂floss
∂z
= −ASSCf3loss
fB(1− fB)2P 2j
R3γ5bulk
, (72)
ASSC =
3
8
[
σT〈E2e 〉
pim2ec5〈Ee〉
]2
. (73)
Integrating by separating variables, using the condition floss(z0) =
1 and converting to dimensionless units we calculate
floss =[
1 + CSSC
fB(1− fB)2f2Edd(X1−3b−5c −X1−3b−5c0 )
R30γ
5
0(1− 3b− 5c)
]−1/2
,
CSSC = 2ASSC
(
LEdd
rs
)2
, X =
z
rs
, fEdd =
Pj
LEdd
.
(74)
where again it is worth highlighting the independence of the result
on black hole mass.
6.4 External Compton regime
The precise external photon field is model dependent and will de-
pend on whether one considers stellar mass or supermassive black
holes (for an example of a AGN external photon field see Figure 2
of Potter & Cotter 2015). In the regime where U ′ECγ is much larger
than U ′B and U
′SSC
γ , we calculate the fractional energy losses using
equations 56 and 67
∂floss
∂z
= −AEC(1− fB)UECγ0 flossγ0Xa+c, (75)
AEC =
4σT〈E2e 〉
3m2ec4〈Ee〉 . (76)
Again we integrate the equation by separating variables and using
the condition floss(z0) = 1
floss = exp
[
−AEC(1− fB)U
EC
γ0 γ0rs(X
1+a+c −X1+a+c0 )
1 + a+ c
]
.
(77)
Since the external photon energy density can be defined indepen-
dently of the jet parameters, the energy losses are proportional to
the particle energy density, and the expression takes the form of a
simple exponential decline. We have chosen to retain the explicit
factor of rs in the numerator as a reminder to the reader that the
external photon field will have an indirect dependence on the black
hole mass due to the different environments of stellar and super-
massive black holes.
6.5 SSC and EC domination
In the case where the majority of radiative energy losses occur from
inverse-Compton emission (i.e. SSC and EC losses exceed syn-
chrotron losses) we are also able to solve (67) analytically using
equations 53 and 56.
∂floss
∂X
= −DEC
2
Xafloss − DSSC
2
X−3b−5cf3loss, (78)
DEC = 2AECrsγ0Uγ 0(1− fB),
DSSC =
2ASSCfB(1− fB)2(fEddLEdd)2
r2sR
3
0γ
5
0
. (79)
Substituting y = f−2loss this reduces to the first order differential
equation
∂y
∂X
= DECX
ay +DSSCX
−3b−5c. (80)
Which has the solution
floss =
[
C exp
(
DECX
a′
a′
)
− DSSC
a′
Xb
′
exp
(
DECX
a′
a′
)
...
×
(
DECX
a′
a′
)−b′/a′
Γ
(
b′
a′
,
DECX
a′
a′
)−1/2 , (81)
a′ = a+ 1, b′ = 1− 3b− 5c, (82)
C = exp
(
−DECX
a′
0
a′
)[
1 +
DSSC
a′
Xb
′
0 exp
(
DECX
a′
0
a′
)
....
×
(
DECX
a′
0
a′
)−b′/a′
Γ
(
b′
a′
,
DECX
a′
0
a′
) , (83)
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Figure 1. Comparison of the analytic formulae for synchrotron and SSC en-
ergy losses to a numerical solution of the full loss equation 67, for Model A
with parameters given in Table 2. The initial energy losses are dominated by
SSC, with synchrotron losses dominating at larger distances. We show the
full numerical solution and both numerical and analytic solutions including
only synchrotron or SSC losses. We only plot the analytic solutions out to
z = 104rs, in order to clearly show the consistency between the numerical
and analytic solutions.
where Γ(a, x) is the upper incomplete gamma function defined by
Γ(a, x) =
∫ ∞
x
x′a−1e−x
′
dx′. (84)
and the constant C has been determined by the boundary condition
floss(z = z0) = 1. The expression above, although slightly more
cumbersome than those for a single dominant term, is likely to be
a good approximation to the radiative losses experienced in high
power blazar jets where SSC is dominant at the base and EC is
dominant at large distances.
6.6 Accuracy of analytic formulae
In Figure 1, a comparison of the analytic formulae is shown relative
to the numerical integral of equation 67. The analytic and numerical
solutions agree as we expect. We see that the dominant radiative
energy losses come from SSC emission at small distances along the
jet with synchrotron losses becoming dominant at larger distances.
7 CONSTRAINING THE MAGNETISATION
Let us use the results of the calculations in the previous section to
calculate the radiative energy losses associated with maintaining a
constant magnetisation along a typical black hole jet. Taking the jet
to have a parabolic base as in M87 with R(z) ≈ 2.2rsX0.58 and
using the dependence of the bulk Lorentz factor γbulk ∼ 0.8X0.25,
from Potter & Cotter 2015. We calculate the radiative energy losses
of the electron population assuming that the energy in the non-
thermal electron population is replenished by the magnetic field via
resistive dissipation, in order to maintain the initial magnetisation
(we shall deal explicitly with in-situ magnetic reconnection in sec-
tion 8). Since the energy is constantly being lost via radiation this
allows an important constraint to be placed on the minimum mag-
netisation which can be maintained along the base of the jet for a
given electron energy distribution. This is because we require that
a substantial fraction of the initial jet power should be retained in
the plasma until large distances (∼ 85 − 97%, corresponding to
floss = 0.85−0.97, see Nemmen et al. 2012 and references therein)
where it can be observed heating radio lobes in FRII AGN jets, for
example.
7.1 Analytic constraints
The analytic formulae for the fractional radiative energy losses due
to synchrotron and inverse-Compton emission derived in the previ-
ous section can be used to place constraints on the minimum allow-
able magnetisation of the jet. This constraint is a minimum because
smaller magnetisations would be closer to equipartition and would
therefore radiate more efficiently, incurring heavier radiative energy
losses (69). To do this we rearrange equation 71 to find an equation
for the fractional magnetic energy density. Starting with the equa-
tion for synchrotron energy losses we find the quadratic equation
f2B−fB+ (1− 2b− 3c)R
2
0γ
3
0
CsynchfEdd(X1−2b−3c −X1−2b−3c0 )
.
[
1
floss
− 1
]
= 0.
(85)
The solutions to this quadratic equation are given by
fB =
1
2
(
1±
√
1− Y
fEdd
.
[
1
floss
− 1
] )
, (86)
Y =
4(1− 2b− 3c)R20γ30
Csynch(X1−2b−3c −X1−2b−3c0 )
(87)
where the two solutions reflect the symmetry of the synchrotron
losses to changes in the equipartition fraction i.e. synchrotron emis-
sion is maximised when a plasma is at equipartition, fB = 1/2 and
drops off symmetrically for more magnetic or particle dominated
plasmas due to the fB(1−fB) factor in equation 69. In this work we
assume a magnetic launching mechanism for the relativistic jet and
so we are only interested in the ‘+’ solutions representing magnet-
ically dominated jets. Substituting the fractional magnetic energy
fB for the magnetisation, σ = UB/Ue±, we find
σ =
1 +
√
1− Y
fEdd
.
[
1
floss
− 1
]
1−
√
1− Y
fEdd
.
[
1
floss
− 1
] , fB = σ1 + σ . (88)
In general this equation, and the resulting constraints, will depend
on the variables: α, Emax, Emin, b, c, fEdd, X , X0, R0, γ0 and
floss, so some simplification is clearly required to obtain a useful
result. We are primarily interested in the dependence on the frac-
tional Eddington jet power, magnetisation and fractional energy re-
maining in the jet. We therefore choose representative values for
the other parameters shown under Model B in Table 2. The val-
ues of Emin, α, γ0 and c are taken as typical model fits to blazar
spectra (Potter & Cotter 2015), whilst R0, z0 and b are typical pa-
rameters found from radio VLBI observations of the inner structure
of the jet in M87 (Asada & Nakamura 2012). With these values,
(1 − 2b − 3c) = −0.91, so assuming that the jet base extends
to a distance of at least & 50rs, the distance dependent term in
the denominator will be approximately independent of the total jet
length i.e. (X1−2b−3c −X1−2b−3c0 ) ≈ X1−2b−3c0 . This is because
the synchrotron energy losses occur predominantly at the jet base
where the highest magnetic field strengths exist. Using these ap-
proximations the Y parameter in equation 85 simplifies to
Y = 1.2× 10−15 (3− α)(E
2−α
max − E2−αmin )
(2− α)(E3−αmax − E3−αmin )
. (89)
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(a) Emax/mec2 = 100 (b) Emax/mec2 = 1000
(c) Emax/mec2 = 104 (d) Emax/mec2 = 105
(e) Emax/mec2 = 106 (f) Emax/mec2 = 107
Figure 2. The results of numerically integrating the radiative energy loss equation 67, including synchrotron and SSC radiative losses for a variety of values
of constant jet magnetisation, fractional Eddington power and maximum electron energy. The jet parameters used to obtain these results are shown as Model
B in Table 2. We show that the base region of jets must be highly magnetised in order to avoid severe radiative energy losses which would otherwise radiate
a large fraction of the initial power if the jet plasma were closer to equipartition. Larger maximum electron energies and higher fractional Eddington powers
both increase the radiative losses. The black contour at floss = 0.05 divides the region where 95% of the jet power has been radiated away (only 5% of
the initial jet power remains in the plasma). Since a substantial jet power is observed to be retained by the jet to large distances (∼ 85 − 97% Nemmen
et al. 2012), these calculations can be used to constrain the minimum magnetisation of the jet base. It is worth noting the symmetry of the graphs under a
transformation UB/Ue± → Ue±/UB. Since jets are currently believed to be launched electromagnetically we do not consider the case of a jet base which is
particle dominated (a particle dominated jet base would both lack an obvious energy reservoir to accelerate the plasma to relativistic speeds and suffer from
severe deceleration via Compton-drag).
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Model Emin/mec2 Emax/mec2 α fEdd fB R0 γ0 z0 U ′ECγ a b c Arec d
A 10 104 1.9 0.1 0.99 2.2 0.8 5rs 0 n.a. 0.58 0.25 n.a. n.a.
B 10 variable 1.9 variable variable 2.2 0.8 5rs 0 n.a. 0.58 0.25 n.a. n.a.
C 10 104 1.9 variable variable 2.2 0.8 5rs 0 n.a. 0.58 0.25 variable variable
D 10 104 1.9 0.01 variable 2.2 0.8 5rs 0 n.a. 0.58 0.25 variable variable
Table 2. The values of the jet model parameters used in our numerical solutions. We have chosen typical parameters found by modelling the emission of a
large sample of blazars (Potter & Cotter 2015). We have used ‘n.a.’ to indicate a parameter which is not applicable to the given model (in all cases we have
deliberately chosen not to specify a source of external photons since this would make our results less widely applicable).
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Figure 3. A comparison between the analytic constraint on the maximum
magnetisation derived in equation 90 for synchrotron losses only and the
full numerical constraint for floss = 0.05, Emax = 104mec2 and other
jet parameters given by Model B in Table 2. The analytic constraint from
synchrotron losses is a good approximation and only differs by∼ 35% from
the full numerical results shown in Figure 2 (this accuracy is independent of
Emax).
The derived constraint on the allowed range of magnetisations
which permit a given final fractional energy loss floss is then simply
σ ≥
1 +
√
1− Y
fEdd
.
[
1
floss
− 1
]
1−
√
1− Y
fEdd
.
[
1
floss
− 1
] . (90)
It is also possible to use the equation for SSC energy losses (74) to
derive a constraint on the magnetisation. However, we find that the
two results do not differ significantly (see Figure 3) and since the
constraint equation using SSC is cubic, we have chosen to use the
simpler synchrotron constraint. We shall reserve commenting on the
implications of these constraints until we have tested its accuracy
(we already know it to be an underestimate since it neglects SSC
losses) by comparing to a full numerical solution in the next section.
7.2 Numerical constraints
In Figure 2 we show the results of numerically integrating equation
67 using an adaptive Bulirsch-Stoer algorithm, for different values
of the maximum electron energy, Emax, and fractional magnetic
energy, fB, with no external photon field. We choose to integrate
these losses up to a distance of 105rs after which we find that the
radiative energy losses are no longer significant (this is the case
for a constant magnetisation jet but will not remain true when we
consider steady in-situ acceleration and a variable magnetisation in
the next section). An important point to note is that these results
are independent of the black hole mass and so hold for both X-ray
binary and AGN systems. This symmetry would be broken by the
addition of external photon fields which are different for stellar and
supermassive black holes, and this is the reason we have chosen not
to include an external-Compton component in these constraints.
The results are surprisingly constraining and show that high
Eddington power jets must be highly magnetised in order to avoid
severe radiative energy losses which would otherwise drain the
vast majority of the jet power. Since we observe jet powers which
are comparable to the accretion power (Ghisellini et al. 2009) and
the majority of this energy remains in the jet to large distances
(∼ 85%− 97%, Nemmen et al. 2012), we can make a conservative
constraint on the minimum value of the magnetisation by assum-
ing that at least 5% of the total jet power is not radiated away in
the jet base and is retained in the jet to large distances. In Figure
2 we show this constraint as the dark black contour marking the
miminum magnetisation (maximum non-thermal particle content)
as a function of the fractional Eddington luminosity and maximum
electron energy. These results are important because most MHD
simulations the initial magnetisation of the jet is σ ∼ 10 − 100
(Hawley & Krolik 2006, Komissarov et al. 2007 and Komissarov
et al. 2009). We have shown that this is likely to be unrealistically
low, i.e. real jets have a much larger fraction of total energy con-
tained in the magnetic field compared to non-thermal particles than
this.
In Figure 3 we compare the analytic constraints (90), based
only upon synchrotron energy losses, to the numerical constraint
which includes both synchrotron and SSC energy losses. We find
that the analytic constraint is a good approximation to the full re-
sult, typically only differing by∼ 35%. We also show the constraint
on the minimum magnetisation derived from the analytic equation
for SSC energy losses (74). At the base of the jet, where the plasma
is most dense, the inverse-Compton losses are comparable to those
from synchrotron, however, at larger distances synchrotron losses
dominate. These ratios of component energy losses are, in fact, in-
dependent of the choice ofEmax. This justifies our choice to neglect
the analytic constraint based on inverse-Compton losses in favour
of that from synchrotron losses in section 7.1, since we find the
latter to be more accurate.
If we were to include additional effects such as adiabatic en-
ergy losses, external-Compton emission and a more realistic limit
on the maximum fraction of energy allowed to be radiated, these
constraints would become even more severe. Adiabatic energy
losses could be included via the addition of the following term to
the r.h.s. of equation 18
− 2bγ
2
bulkR
2U ′e±
3z
(91)
which originates from the usual adiabatic expansion loss formula
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for a fluid with a relativistic equation of state
∂ lnEe±
∂ ln z
= −2b
3
(92)
Some caution is required, however, when using this standard for-
mula for expansion losses since it is not clear that it is strictly appli-
cable to a collisionless, non-thermal jet plasma expanding within a
static confining funnel, formed from the ambient medium. The ad-
ditional effects of adiabatic and external Compton losses are more
sensitively dependent on our particular model parameters than the
synchrotron and SSC emission, which necessarily occur if non-
thermal electrons are present, and so we have chosen not to include
them when calculating the constraints, in order to keep the result as
trustworthy and widely applicable as possible.
This is the main conclusion of this paper; due to severe radia-
tive energy losses, the jet plasma is constrained to be highly mag-
netised at the base of the jet. We shall show in the next section
that the effect of the severe radiative losses is effectively to remove
the memory of the initial magnetisation over a radiative cooling
lengthscale and the local magnetisation is then determined by the
balance of in-situ reacceleration and radiative losses. These results
allow us to place strong constraints on the particle acceleration pro-
cesses happening at small distances along the jet and demonstrate
the importance and necessity of including a detailed self-consistent
treatment of radiative energy losses in realistic MHD simulations of
jets.
8 MODELLING THE POWER INJECTED BY
MAGNETIC RECONNECTION
Having started with a simple scenario, a jet with a constant mag-
netisation, let us now consider something more realistic: a jet in
which the amount of particle acceleration is determined by the rate
of magnetic reconnection. Since the jet base has such an abundance
of magnetic energy, magnetic reconnection (the resistive dissipation
of currents) is one of the most likely mechanisms which can con-
vert this magnetic energy into accelerating non-thermal electrons.
It is natural to expect a power-law electron energy distribution from
reconnection since the resistive decay of a magnetic field induces a
temporary electric field (dB/dt = −∇ × E) and this will prefer-
entially accelerate charged particles with higher initial velocities to
higher energies (since the power gained by an accelerating electron
will be proportional to its velocity), giving relatively steep electron
spectral indices, α < 2, in numerical simulations (see for example
Zenitani & Hoshino 2001, Zenitani & Hoshino 2007 and Sironi &
Spitkovsky 2014). In some simulations, in addition to acceleration
by the induced electric field, a Fermi acceleration process also op-
erates by particles scattering back and forth between reconnecting
plasmoids which form in the reconnecting sheet and this can also
efficiently accelerate non-thermal electrons (Sironi & Spitkovsky
2014).
Magnetic reconnection is a complex non-linear process and
remains the subject of intense research (Yamada et al. 2010 and
Treumann & Baumjohann 2015), so we do not pretend to cap-
ture the microscopic details of this process in our 1D fluid model.
We can, however, put useful constraints on the power dissipated
by magnetic reconnection which then goes into accelerating non-
thermal electrons, by calculating their emission as they travel along
the jet. This power is inevitably linked to the large-scale average
reconnection timescale along the jet. Our approach is intended to
be complementary to the detailed numerical simulations which fo-
cus on the small-scale reconnection physics but tend to neglect the
large scale fluid flow and energy balance along the jet; in this work
we instead focus on the average large-scale fluid flow and energy
balance, at the expense of a detailed treatment of the microscopic
reconnection physics. Our results will help to constrain and inform
dedicated numerical simulations of the macroscopic reconnection
rates required by considering radiative losses and energy constraints
along the jet at large scales.
In most astrophysical plasmas the amount of resistive dissi-
pation of magnetic fields is negligible and occurs on a resistive
timescale
tres =
µ0δ
2
η
, (93)
where η is the electrical resistivity (36) and δ is the characteristic
lengthscale of the fluctuation in the magnetic field. This timescale
is usually far longer than the typical observed timescale associated
with the release of energy via magnetic reconnection in solar flares
for example (Priest & Forbes 1986). It is found in MHD simulations
and particle-in-cell (PIC) simulations of reconnection that once the
process of resistive dissipation or magnetic reconnection begins to
occur in a region with a strong gradient in the magnetic field, the
magnetic energy is released in the form of heating and bulk ac-
celeration of an outflow of plasma from the region. This creates
a low density, low pressure reconnection region which then draws
in additional plasma from both sides of the reconnecting current
sheet (the magnetic field changes rapidly across the reconnecting
region and this necessitates a concentrated thin current sheet since
∇ ×B ≈ µ0J). The velocities of the outflow and inflow are, typ-
ically, close to the Alfve`n speed, vA, with the precise relationship
depending on the geometry of the reconnecting region and the pro-
portion of magnetic energy which can be dissipated by the process.
In collisionless highly magnetised plasmas, such as jets, inflow ve-
locities of ∼ 0.1vA are typical, Sironi & Spitkovsky 2014. From
figure 2 we have already constrained the jet plasma to be highly
magnetised, in which case the Alfve`n speed is approximately the
speed of light vA ≈ c (e.g. Gedalin 1993).
We can parameterise the reconnection rate in terms of the
power dissipated in a region in which magnetic reconnection oc-
curs, multiplied by the volume filling factor of such regions. The
power dissipated by a reconnecting sheet of surface area, S, with
inflow velocities into the reconnecting surface, vrec, and an effi-
ciency, ηrec, which we define as the fraction of inflowing magnetic
energy which is dissipated by the reconnection region (since only
the component of magnetic field which cancels between the two
inflows can be dissipated) is
p′rec = SvrecηrecU
′
B = ScβrecηrecU
′
B, (94)
Since reconnection appears in nature to be a sudden, stochastic
event, only a relatively small fraction of the total plasma volume
will contain reconnecting regions at any given time and so we in-
troduce the average surface area of reconnecting regions per unit
volume of jet plasma measured in the plasma rest frame, S′rec. This
encapsulates our ignorance of both the initial size and rate of gener-
ation of perturbations to a uniform magnetic field (which can subse-
quently be dissipated) and the effective duty-cycle of the reconnec-
tion process. We expect, βrecηrecS′rec . 1/rs (see equation 106),
because rapid dissipation of the available magnetic energy at the jet
base would be incompatible with our constraints on the minimum
magnetisation of the jet shown in figure 2.
It is important to note that although the reconnecting regions
must occupy a relatively small fraction of the total jet volume, jet
emission models of large emission regions which assume homo-
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geneous small-scale tangled, isotropic magnetic field and particle
velocity distributions are able to accurately reproduce the jet emis-
sion. This tells us that the reconnection regions are well distributed
throughout the jet volume, since otherwise if high energy (fast cool-
ing) electrons were confined to only a small fraction of the total jet
volume, close to concentrated regions of reconnection, their high
energy optically thin emission would not be well reproduced by
simple, large homogeneous blob emission models. This is because
for the same observed synchrotron emission, a compact emission
region would have a higher synchrotron photon energy density than
a large region the size of the jet radius. The SSC emission from
such a compact region of the jet would then be distinguishable from
the SSC emission and Compton-dominance of the existing success-
ful large-scale homogeneous emission models. For this reason we
suggest that the reconnection regions and the associated high en-
ergy accelerated leptons are well distributed through the jet and our
treatment of the jet as essentially 1D is appropriate.
Using the average reconnecting area per unit volume in the rest
frame, S′rec, the expected power injected by reconnection per unit
volume of jet plasma is given by
p′rec = cβrecηrecU
′
BS
′
rec. (95)
The power dissipated per unit width of a cylindrical slab of plasma
as measured in the jet rest frame is
P ′rec = piR
2cβrecηrecU
′
BS
′
rec. (96)
When calculating our numerical results we assume that each of the
reconnection parameters can be adequately described by a simple
power law of the form grec(z) = grec 0Xh: a constant grec 0 =
grec(z = z0) defined at the base of the jet and a power-law depen-
dence of the dimensionless distance X = z/rs. Using this power-
law approximation to the reconnection parameters and substituting
in the value of U ′B from equation 20 we find
P ′rec =
3
4
ArecflossfBX
d−2c, Arec =
S′rec 0βrec 0ηrec 0Pj
γ2bulk 0
,
(97)
where the power-law exponent d, is the sum of the individual
power-law exponents of the reconnection parameters βrec, ηrec and
S′rec. We might expect the value of d to be dominated by the effi-
ciency and effective surface area per unit volume, ηrecS′rec, since
the Alfve`n speed will not change significantly along the magneti-
cally dominated sections of the jet. We have chosen to use this form
for Arec so that our numerical results will be independent of black
hole mass, which we discuss in more detail at the end of this sub-
section. In order to convert this expression into a convenient form,
we wish to calculate the reconnection rate in terms of the reconnec-
tion term, ∂(R2γ2bulkU
′
rec)/∂z, in the equation for the evolution of
the fractional magnetic energy (22). To do this we follow the same
method used in section 5 to calculate the radiated energy in a slab
of constant lab frame width, dw, in terms of the radiated power per
unit width in the rest frame, P ′rad, except replacing the radiative
terms with the equivalent reconnection terms. We find the desired
expression by using equation 64 and replacing U ′rad with U
′
rec and
P ′rad with P
′
rec.
∂(R2γ2bulkU
′
rec)
∂z
=
γbulkP
′
rec(z)
pic
. (98)
We substitute the above expression into (22) to find the equation
for the evolution of the fractional magnetic energy. To calculate the
evolution of the fractional magnetic energy, fB, (20) and radiative
losses we need to solve the following set of simultaneous differen-
tial equations (we have also included the equation for the evolution
of floss (67) for convenience), subject to our chosen boundary con-
ditions: floss(z0) = 1, fB(z0) = (1 − 10−10) and E′rec(z0) = 0,
and using equations 50, 53, 56 and 97 for P ′synch, P
′
SSC, P
′
EC and
P ′rec, respectively.
∂fB
∂z
= −fB ∂ ln floss
∂z
−2(1−fB)∂ ln γbulk
∂z
− 4γbulkP
′
rec
3Pjfloss
, (99)
∂floss
∂z
= −γbulk(P
′
synch + P
′
SSC + P
′
EC)
Pj
, (100)
In the next section we shall solve these equations numerically in or-
der to understand the physical effect of the dissipated reconnection
power, P ′rec, and to constrain the allowed values of the reconnec-
tion parameters Arec and d defined in (97). It is worth noting that
our choice of the parameter Arec allows our numerical results in
Figures 4, 5 and 6 to be independent of black hole mass (i.e. for
a given numerical value of Arec the results will be independent of
black hole mass). This can be seen by writing equation 101 out ex-
plicitly in terms of Arec
∂fB
∂z
= −fB ∂ ln floss
∂z
− 2(1− fB)∂ ln γ
∂z
− γbulkArecfBX
d−2c
Pj
,
(101)
Each term has the same, 1/M , dependence on black hole mass
since, z ∝ XM , and Pj ∝ fEddM , so the dependences cancel
and the numerical results in figures 4, 5 and 6 are independent of
black hole mass. However, it can be seen from equation 97 that if
we wish to interpret, Arec, in terms of the reconnection parameters,
then, Arec ∝ Pj ∝ fEddM and so although our numerical results
are independent of black hole mass, their interpretation in terms of
the values of the reconnection coefficients βrec, ηrec and S′rec are
not.
In terms of the equipartition fraction or magnetisation, which
we define as, σ = UB/Ue±, the equation becomes
∂σ
∂z
= −σ(1 + σ)∂ ln floss
∂z
− 2(1 + σ)∂ ln γ
∂z
...
−σ(1 + σ)γbulkArecX
d−2c
Pj
. (102)
It can be more convenient to use this expression when solving the
evolution equations numerically, if, UB/Ue±, becomes very large.
8.1 Constraining the rate of reconnection in the jet
Finally, we try to understand how the dependence of the reconnec-
tion rate influences the magnetisation and radiative energy losses in
jets. We solve the jet fluid equations 67 and 101 numerically using
a Bulirsch-Stoer alogrithm with adaptive step sizes for a range of
values of Arec and d, choosing jet parameters given by Model C in
Table 2. We integrate the fluid equations from the base of the jet
at, z = z0, up to the shortest distance out of either: the distance
where the jet first comes into equipartition (where we expect the
geometry to become conical and acceleration to cease e.g. McKin-
ney 2006, Komissarov et al. 2007 and Komissarov et al. 2009), or
108rs. Figure 4 shows the total fractional radiative energy losses
(floss = 1 or 0 correspond to no radiative energy losses and com-
plete radiative energy losses respectively) experienced by the jet
plasma when it first reaches either equipartition, or z = 108rs,
for a variety of values of the reconnection parameters Arec and d.
The corresponding distance at which the jet plasma first reaches
equipartition is shown in figure 5. In Figure 6 we show a conserva-
tive estimate of the viable range of reconnection parameters, Arec
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(a) Radiative energy losses for fEdd = 10. (b) Radiative energy losses for fEdd = 1.
(c) Radiative energy losses for fEdd = 0.1. (d) Radiative energy losses for fEdd = 0.01.
(e) Radiative energy losses for fEdd = 10−3. (f) Radiative energy losses for fEdd = 10−4.
Figure 4. Figures a − f show the fractional radiative energy losses of the jet due to synchrotron and SSC emission at the distance where the jet first reaches
equipartition, or z = 108rs (at distances corresponding to those in figure 5), for different values of the reconnection parameters Arec and d (see equation
97) and fractional Eddington jet power fEdd. The jet parameters used to obtain these results are shown under Model C in Table 2. As the Eddington fraction
increases, the radiative energy losses become more severe (due to the larger initial magnetic field strengths) and this constrains the allowed values of parameters.
The black dashed contour at, floss = 0.05, corresponds to only 5% of the initial jet power being retained up to the region where the jet first reaches equipartition
(i.e. 95% of the total jet power has been emitted as radiation). We use floss > 0.05 as a conservative constraint on the total radiative losses. This is conservative
compared with observations that suggest that a substantial amount of energy remains in the jet to large distances, > 85%, or floss > 0.85, Nemmen et al.
2012. Losses are small for very large and very small reconnection rates Arec. For small rates this is because the jet always remains highly magnetised out to
large distances and so the radiative efficiency is low. For very high reconnection rates, reconnection proceeds so quickly that the timescale for reconnection
is much faster than the radiative lifetime and so the jet reaches equipartition at a distance which is much shorter than the radiative lengthscale, over which
substantial radiative energy losses would occur. These results are independent of black hole mass.
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(a) fEdd = 10. (b) fEdd = 1. (c) fEdd = 0.1.
(d) fEdd = 0.01. (e) fEdd = 10−3. (f) fEdd = 10−4.
Figure 5. Figures a − f show the distance travelled by the jet before reaching equipartition for a range of values of the reconnection parameters Arec and
d, from (97) and fractional Eddington jet power fEdd. We stop integration of the jet evolution equations at a distance of 108rs if the jet plasma has not yet
reached equipartition, since radiative energy losses at larger distances than this are insignificant. The jet parameters used to obtain these results are shown under
Model C in Table 2 and the radiative losses corresponding to these models are shown in figure 4. We find that the dimensionless distance to equipartition,
Xequi = zequi/rs, depends weakly on the fractional Eddington accretion rate, fEdd. The distance to equipartition decreases slowly with increasing fEdd.
These results are independent of black hole mass, M .
and d, for which jets reach equipartition at a distance similar to
that found in blazars 100rs − 108rs, with maximum bulk Lorentz
factors between 2.5 − 80 (this is slightly conservative compared
to the range values found by Potter & Cotter 2015 103rs − 107rs
and 8 < γbulk < 60), whilst simultaneously not radiating away
more than 95% of their total energy, floss > 0.05. This is again
a conservative constraint since observations suggest floss > 0.85,
Nemmen et al. 2012). We find that larger fractional Eddington ac-
cretion rates lead to substantially increased radiative losses due to
the higher magnetic field strengths, resulting in a more restrictive
region of ‘desirable’ reconnection parameters and requiring the jet
to first come into equipartition at larger distances to avoid the heavy
radiative losses closer to the jet base.
In Figure 7 we show the magnetisation and fractional radiative
energy losses as a function of distance for a few values of the power-
law z-dependence of the reconnection rate, d. If the power law ex-
ponent d  0, the majority of reconnection occurs predominantly
at small distances along the jet, close to the base. If d ∼ c − 1 the
power dissipated by reconnection is spread approximately evenly
per log bin in distance. This is because the energy dissipated by
magnetic reconnection is given by (63)
∂Erec
∂z
=
4γbulkP
′
rec
3c
∝ zd−c,
∆Erec ∝
∫ X2
X1
Xd−cdX. (103)
In the case where d − c = −1, the amount of reconnected en-
ergy, ∆Erec, is approximately proportional to, ln(X2/X1), and so
the reconnected energy will be evenly distributed per logarithmic
distance interval i.e. the same energy is dissipated between a dis-
tance of 10rs − 100rs as 100rs − 1000rs. Finally, if d  0, re-
connection occurs predominantly at large distances along the jet.
Since synchrotron emission is observed throughout the base of jets
(e.g. Hada et al. 2013), where radiative lifetimes are much shorter
than the travel time along the jet, we know that there must be some
small, but non-negligable, amount of particle acceleration at the
base. Power-laws d  0, produce a negligible amount of particle
acceleration at small distances and so are unlikely to be compatible
with these radio observations. For values of d  0, reconnection
occurs mostly at small distances along the jet and so radiative en-
ergy losses are so large that this case is also not viable, as can be
seen from figures 4, 6 and 7. This suggests that values−1 < d < 1
are most likely to be appropriate if reconnection is responsible for
accelerating non-thermal particles in jets. This corresponds to mag-
netic reconnection which dissipates a similar amount of energy into
accelerating non-thermal electrons per logarithmic bin in distance.
It is useful to interpret the constraints on Arec in terms of the
reconnection parameters in (97). We expect the effective reconnect-
ing surface area per unit volume S′rec 0 and the efficiency of dis-
sipation of magnetic energy flowing into the reconnecting surface
ηrec 0 to be the most interesting and poorly understood quantities.
We assume that the inflow speed of the plasma into the reconnect-
ing current sheet has βrec 0 ≈ 0.1 and the bulk Lorentz factor of
the flow at the base of the jet is only mildly relativistic γbulk 0 ≈ 1.
Given these assumptions we find
Arec = 1.3× 1030γ−2bulkS′recηrecfEdd
M
M
(104)
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(a) fEdd = 10. (b) fEdd = 1.
(c) fEdd = 0.1. (d) fEdd = 0.01.
(e) fEdd = 10−3. (f) fEdd = 10−4.
Figure 6. The desirable region of parameter space for jets with different fractional Eddington luminosities and reconnection parameters from Figures 4 and 5.
Here ‘desirable’ means that the jet reaches equipartition at a distance, zequi, between 100rs−108rs, whilst not radiating more than 95% of its initial energy in
reaching this point. The unfavoured regions of parameter space which do not fulfill these criteria are coloured in black. The jet parameters used to obtain these
results are shown under Model C in Table 2. Due to more severe radiative losses at higher fractional Eddington jet powers (fEdd), the desirable region becomes
more restrictive for higher values of fEdd. This means that lower power jets are able to reach equipartition at smaller distances whilst retaining at least 5%
of their initial energy. For jet powers close to the Eddington luminosity (fEdd > 0.1) the strong radiative losses essentially prohibit the jet from coming into
equipartition at a distance smaller than∼ 104rs, since otherwise the jet radiates away more than 95% of its initial power in the compact base region with high
magnetic field strengths. This is consistent with our earlier results in Figure 2, in which we found that the base of the jet must be highly magnetised in order
not to suffer from devastating radiative energy losses. We also see that large negative values of the reconnection power law d are effectively prohibited since
reconnection occurring predominantly at the base of the jet will result in heavy radiative losses in the strong magnetic fields. These results are independent of
black hole mass.
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(b) The ratio of magnetic to non-thermal electron-positron energy densities.
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(c) Cumulative reconnection energy density as a fraction of the remaining total
energy density.
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(d) Cumulative reconnection energy contained in a cylindrical shell of unit
width, measured in the lab frame.
Figure 7. Figures a-d show the spatial dependence of the radiative energy losses, magnetisation and reconnection rate along the jet for different values of
the reconnection power-law distance dependence, d. The value of, Arec, has been chosen such that all the models first come into equipartition at a similar
distance z ∼ 105rs, to facilitate an easy comparison for the reader. The jet parameters used to obtain these results are shown under Model D in Table 2. From
figures c and d we see that the models for which d  0 have reconnection occurring mainly at the base of the jet and, apart from different values of Arec,
have very similar spatial dependencies because all reconnection occurs in approximately the same region. For d > 0 the amount of energy from reconnection
increases along the jet. With the distance to equipartition fixed, the fractional radiative energy losses of the different models decrease with increasing d as
shown in figure a. This is because larger values of d correspond to less non-thermal particle acceleration occurring at the very base of the jet where radiative
losses are most severe. In order to balance having enough particle acceleration at the jet base to emit the observed radio synchrotron, whilst not accelerating
too many non-thermal electrons such that radiative losses are too severe, these results favour a model with −1 < d < 1 corresponding to an approximately
even energy injection of non-thermal electrons per logarithmic distance interval. Our assumed model for the dependence of the bulk Lorentz factor on distance
γbulk = 0.8(z/rs)
1/4 based on the blazar spectral fitting of Potter & Cotter 2015, gives jet bulk Lorentz factors of ≈ 14 at z ≈ 105rs, where these models
reach equipartition.
We have argued that favourable parameters for producing a typical
AGN jet would be d ≈ 0, for which the fEdd = 1 constraints
suggest Arec ∼ 1022.
S′recηrec ∼ 7.7× 10−9γ2bulk
(
M
M
)−1
(105)
This estimate suggests that reconnection regions occupy a relatively
small but significant volume filling factor in the jets. This is consis-
tent with our expectation, since we know that reconnection does not
quickly dissipate all of the magnetic energy at the jet base (which
would be implied if S′recηrec & 1/(βrecrs), see equation 106) and
that in models where it is responsible for in-situ particle accelera-
tion it should be contributing significantly throughout the jet. From
(105) it is also clear that in order for jets originating from differ-
ent mass black holes to have the same properties (scaled linearly
with mass), the number/size of reconnection surfaces per unit vol-
ume should scale inversely with black hole mass. This would be
consistent with supermassive black hole jets having the same mag-
netic field structure as stellar mass black holes but scaled with the
mass of the black hole (or scaled with Schwarzschild radii). It is
also useful to look at the dimensionless dissipation lengthscale over
which a substantial fraction of the magnetic energy is dissipated
by reconnection, zrec/rs. We estimate this using equation 63, re-
placing ∂Erad/∂z by EB/zrec and P ′rad with P
′
rec to estimate the
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reconnection lengthscale
zrec
rs
∼ γbulk
βrecηrecS′recrs
∼ 4.3× 10
27fEdd
γ0ArecXd−c
(106)
Here we see that the dimensionless dissipation lengthscale does not
explicitly depend on black hole mass and for fEdd = 1, Arec =
1022, we find zrec/rs ≈ 105.
Our results suggest that in order for the jet base not to suffer
catastrophic non-thermal radiative energy losses the plasma must
be initially highly magnetised. Naively we might expect this high
magnetisation should lead to the jet accelerating to very large termi-
nal bulk Lorentz factors (∼ 1/σ0) much larger than those observed
(this would be the case if high initial magnetisations σ > 102 were
used in current relativistic MHD simulations which ignore explicit
magnetic reconnection and non-thermal radiative losses). In this pa-
per we instead propose a scenario in which the magnetic energy is
gradually dissipated by magnetic reconnection occurring along the
length of the jet, which is responsible for producing the continuous
in-situ acceleration of non-thermal electrons whose non-thermal
emission is observed. This results in the magnetic energy being
converted both into bulk acceleration and particle acceleration, with
particles constantly radiating energy away. It is then the balance be-
tween these processes which determines the total radiative losses,
evolution of the magnetisation and terminal bulk Lorentz factor of
the jet. We have then investigated what range of initial magnetisa-
tions and magnetic reconnection rates are compatible with observa-
tions which constrain: the total fraction of initial jet power which
should be retained to large distances, the likely range of maximum
bulk Lorentz factors and the distances over which the jet accelerates
before reaching equipartition.
These results show that it is possible to understand and con-
strain the microscopic reconnection physics, which is likely to oc-
cur in black hole jets, by considering the effect of reconnection on
the macroscopic jet properties. In particular, we have demonstrated
that by only considering the effect of radiative energy losses on the
jet plasma and the distance at which the jet plasma reaches equipar-
tition we can constrain the large-scale average reconnection param-
eters. This is important because it is likely that the most important
quantities determining the macroscopic reconnection rate in jets are
the large-scale average efficiency of magnetic dissipation and the
volume filling factor of reconnecting regions in the jet. It is not pos-
sible to obtain these quantities from performing a small-scale sim-
ulation of a single reconnecting region with prescribed initial con-
ditions and so this work adds important, new information to enable
us to better understand the large-scale distribution of reconnecting
regions in jets.
9 CONCLUSIONS
In this paper we consider the effects of the severe radiative energy
losses acting at the base of black hole jets using an inhomogeneous
fluid jet model. We demonstrate for the first time that the radia-
tive energy losses from synchrotron and synchrotron self-Compton
emission close to the base are so severe, and the corresponding elec-
tron lifetimes so short, that they impose strong constraints on the
magnetisation of the jet plasma. The jet plasma at the base must
be highly magnetised with only a small fraction of the total energy
contained in non-thermal electrons in order for the initial energy in
the jet plasma not to be rapidly depleted by radiative energy losses.
In the case of a jet with a constant initial magnetisation we calcu-
late easy-to-use analytic expressions for the fraction of the initial jet
power which is radiated as a function of distance along the jet using
a 1D relativistic fluid jet model. Our fluid jet model conserves rela-
tivistic energy-momentum and particle number flux whilst allowing
for a variable shape, bulk acceleration profile and electron energy
distribution for the jet base.
We derive analytic and numerical constraints on the the al-
lowed ratio of magnetic to non-thermal particle energy at the jet
base (the magnetisation or equipartition fraction). For typical black
hole jet parameters we find the jet base must be very highly mag-
netised to avoid sustaining excessive radiative energy losses, with
UB/Ue± > 5 × 104fEdd, where fEdd is the fractional Eddington
power of the jet. This conservative constraint comes from assum-
ing that not more than 95% of the initial total energy in the jet
plasma should be radiated away as the plasma traverses the base
of the jet. This requirement of a high magnetisation provides direct
evidence in favour of an electromagnetic launching mechanism for
jets. These results are independent of the black hole mass and the
constraints we find from considering radiative energy losses require
the jet plasma to be more highly magnetised at the base than is usu-
ally assumed in relativistic MHD simulations of jets. Our results
demonstrate the importance of including a self-consistent calcula-
tion of radiative energy losses in jet simulations in determining the
magnetisation and physical conditions at the base of the jet. This
means that jet simulations in which non-thermal emission is calcu-
lated via post-processing, and the severe radiative energy losses are
not taken into account, are likely to vastly overestimate the emitted
synchrotron and inverse-Compton power.
We then consider the in-situ acceleration process which must
be acting along the jet to replenish the non-thermal electron popula-
tion against the severe radiative energy losses. Since the base of the
jet is expected to be magnetically dominated we consider the pos-
sibility of in-situ magnetic dissipation, whereby magnetic energy
is converted into accelerating non-thermal particles, by magnetic
reconnection. We derive a set of fluid equations which conserve en-
ergy and particle number flux taking into account radiative energy
losses to the electron population, in-situ acceleration and allowing
for a variable jet shape and acceleration. We solve these equations
numerically allowing for a power-law form of the large-scale av-
erage rate of reconnection along the jet, motivated by simulations
of collisionless reconnection, in order to place constraints on the
reconnection process.
We constrain the allowed parameter-space of the reconnec-
tion rate along the jet by imposing that the jet should not radiate
away more than 95% of its initial total energy and should come
into equipartition at reasonable distances, 100rs − 108rs, compati-
ble with the optically thick to thin break in synchrotron emission
(found by modelling observations of blazar jets Potter & Cotter
2015). Furthermore, we find more generally that the mechanism
leading to in-situ acceleration should deposit energy close to evenly
in logarithmic distance along the jet (i.e. a similar amount of en-
ergy is injected into accelerating non-thermal electrons going from
10rs − 100rs as from 100rs − 1000rs). This is because if the ac-
celeration process occurs preferentially at the jet base it leads to
severe radiative losses (since the magnetic field is stronger at the
base radiative lifetimes are shorter) and if the process occurs pre-
dominantly at large distances there would be too few high-energy
electrons to emit the radio synchrotron observed via VLBI at the
base of jets (such as M87, Doeleman et al. 2012 and Hada et al.
2013). We find that for jets with total jet powers greater than 10%
of the Eddington luminosity the jet cannot first come into equipar-
tition below a distance of ∼ 104rs because of the severe radiative
energy losses close to the jet base. These constraints help us to bet-
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ter understand the large-scale properties of magnetic reconnection
in jets, such as the volume-filling factor of reconnecting regions.
These new and important constraints are the first realistic at-
tempt to use radiative energy losses to constrain the physics at the
jet base. In light of our findings it is clear that a self-consistent treat-
ment of the severe radiative energy losses is necessary in order to
perform accurate MHD simulations of black hole jets. We hope that
the calculations and results in this paper will encourage such work
in the near future.
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